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Abstract. We provide an exact formula for the complex exponents 
in the modular product expansion of the modular units, and deduce a 
characterization of the modular units in terms of the growth of these 
exponents, answering a question of W. Kohnen. 



1. Introduction 
Let $(t) be the modular product defined by 

oo 

<P(t) =nqP Y[(l-q n ) c ^ (1) 

n=l 

where q = e 2mT , r G Tt, f3 € Q, and c(n), keC. In pQ , Borcherds shows a 
duality between the exponents c(n) of the modular products ^(r) and the 
coefficients a(j) in the Fourier expansions /(r) = Ylk>m a (k)q m of weakly 
holomorphic modular forms of prescribed weight and level. In [2] the authors 
provide an exact formula for the exponents c(n) when $(t) is a weight k 
meromorphic modular form on T(l) := SL2(Z) whose first Fourier coefficient 
is 1, in terms of the unique modular functions jd,(r), d E N, holomorphic on 
the upper half plane TC with Fourier expansion 



3d(r) = Q- d +J2 



a d lm 



m=l 

The exact expansion in [2] in this setting is given by 

c(n) = 2k + n~ l e T ord r (cP)^^(n/d)i d (r), (2) 

reT(l)\W d\n 

where the numbers e T are defined by 

( 1/2 r = i 
e T = < 1/3 t = (1 + i v / 3)/2 
[ 1 otherwise , 

ord T (<?) refers to the order of <P at r, fi(n) is the usual Mobius function, 
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and * denotes the compactification of the quotient space T(1)\H. The mod- 
ular units may be characterized as those meromorphic modular functions 
(meromorphic modular forms of weight 0) with divisors supported in the 
cusps. We consider the product expansions JT]) of the modular units, and 
provide an exact formula for the exponents c(n), and from this deduce a 
characterization of the modular units in terms of the growth of the expo- 
nents, answering a question of W. Kohnen. 

In what follows, for a ring R, we let R* denote the multiplicative group 
of R, we let Z e = Z/£Z, Zf = Z e \ (Z\ U {0}), and for an integer n let n 
denote the equivalence class of n modulo £. We let q# := q 1 ^, £ > 1, and 
consider modular units of level £, that is, modular units with respect to the 
principal congruence subgroups T(£) := {7 6 | 7 = 1 mod £}. 



Theorem 1. Let u(t) 
p / 2, 3, / e N. Then 



<P(t/£) be a modular unit of level I = p* , p prime, 



c(n) = ^XX^E** 

d\n fc|5 



(3) 



where 



t m {n) 



E 



m(n, s)e(e(n)ms / '£) (n,p) = 1 



n m(n, s)e(e(n)ms / '£) 



2n m(0, s) cos(ms/£) 
sez*/{±i} 



p\n, £\n 
£\n, 



e(z) = e 2mz , 



( J 1 if n = j mod £ for some j, 1 < j < {£ — l)/2 , . 

1 ' ^ —1 if n = j mod £ for some j, {£ — l)/2 < j < £ — 1, 



and {m a = m(r, s)} ag ^* is a sei 0/ integers indexed by 



T* = {a = (ai,a 2 ) = (r/£,s/£) G -Z7Z 2 | ord(a) 



(5) 
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satisfying 

m a r 2 = maS 2 = m a^s = mod £ (6) 

a€Tf aeTf aeTf 

and 

^2 m a = mod 12 (7) 
where ord(a) = minjre G Z-° | n • a G Z 2 }. 

Theorem 2. ^4 meromorphic modular form u(t) = <&{r/t) of weight zero 
on T(£) is a modular unit if and only if 

c{n) <C U (log log n) 2 

for all n > 1, where the implied constant depends only on u(t). 

Theorem [2] is proved more generally by W. Kohnen in [3J for modular 
forms of weight k on congruence subgroups T C T(l). Following the state- 
ment of the theorem in [3] (Theorem 1 p. 66) the author remarks 

"It might be interesting to investigate if [Theorem 1 p. 66 
[3]/ could also be proved [in the case weight k = using the 
theory of the modular units] . " 

Indeed we respond to the above remark of Kohnen and apply the theory 
of the modular units to give an exact formula for the modular exponents 
c(n) in Theorem [T] (not given in [3]) which allows us to prove Theorem [21 

2. Modular units 

Much of the theory of the modular units has been developed by Kubert 
and Lang [3], who provide a description of the modular units in terms of 
Siegel functions. The Siegel functions are defined using Klein forms t a (r), 
a G M. 2 , t £ Tl and are given by 

t a (r) = e-^M^/VaCr) 

where a and n are the usual Weierstrass functions. The Siegel functions 
g a (r) are defined by 

g a (r)=t a (T)A(r) 1 / 12 

where A(r) is the discriminant function. The modular units of a particular 
level I form a group, and a major result of Kubert and Lang provides a 
description of the modular unit groups of level I = p* , p prime, p / 2,3, 
/ G N, in terms of the Siegel functions. 
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Theorem 3. (Kubert, Lang [4].) For prime power I = p* , p ^ 2,3 prime, 
/eN, the modular units of level i consist of products 

\\_€ a (8) 

aeT* 

of Siegel functions g a , where {m a } ag 7p* is a set of integers satisfying the 
quadratic relations © and Q. 

We remark that choosing different representatives in Tjf changes the Siegel 
function by a root of unity, so it is understood that the theorem of Kubert 
and Lang is stated modulo constants. From the q— product expansion for 
the function <r a (r), one may obtain the q— product expansion for the Siegel 
functions 

oo 

g a (r) = -^ B ^) e (a 2 ( ai - l)/2) 9^ 1+ai e(a 2 ))(l - q n ^ e(-a 2 )\9) 

n=i 

where T$2( x ) = x 2 — x + 1/6 is the second Bernoulli polynomial. We will use 
this theory to prove Theorems Q] and [2j 



3. Proofs 

We let Zf be the set of equivalence classes [z] in Zf, defined by 

Zf = {[z] | z G Zf , [z] = [w]&z + w = Omod £} 
and let T£ be represented by 

t* - ~(z|/{±i} x z t ) u i(zf x ZJ) U i ({0} x Z|/{±1}) . 

Let u(r) be a modular unit of level £, £ = pf, p prime, p ^ 2,3, / G N. 
Then there exist {m a } aG j^ satisfying © and (JT]) such that u(r) has an 
expression as given in ([8]). By applying the product expansion Q for the 
Siegel functions, we see that u(t) 

oo 

<t) = £q a J] [J[(l " g"- 1+ai e(a 2 ))(l - g*- ^(-aa))]" 1 - 

a ri=l 
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where a S Q, £ G C. We compute 
logfo^r)- 1 ) 

= E E E m «/ m (^ m(n " 1+ai) e(ma 2 ) + gM^i) e (_ ma2 ) 
= y~] m{r,s)/m^q" l ^ n e(sm / £) + q™^ n r 'e(-sm/f)j 

n>l m>l (r,s)£Z f */{±l}xZ f 

+ y^ y^ y^ m(r, s)/m (q™^ n ^ +r ^ e(sm/£) + q™^ in ''e(-sm/Q 
^ lm ^(r, s )ezfxz; 

+ EE E rn{0,s)/m(q™ in - 1)e e(ms/e)+qT En e(-ms/ty 

n>lm>l sGZ*/{±l} 

= ^ E m(n,s)/m e(e(n)ms/£)q™ n 

m>l n>l s£Zf 
(n,p)=l 

+ m(n,s)/m e(e(n)ms/£)q™ n 

p|n, £j"n 

+ EE E 2m(0,s)/mcos(ms/£)qf mn 

m>ln>lseZJ/{±l} 

+ E m(0,s)/m e{ms/£) (10) 

™>lseZ|/{±l} 

where e(n) defined as in (J3|). We will apply the theta operator 0^ with 
respect to the parameter q%, defined by 

&t(f) = <zrf-- 
dqi 



Using ([10]) we find 



a£ - E n E m( y n ^ s)e(e(n)ms/£)q™ n 

m>l n>l S(zZ( 
(n,p)=l 

— y^ 5^ m(n, s)e(e(n)ms/£)q , p n 

m>l n>l SgZ| 
p|n, 

"EE 2£n E rn(0,s)cos(ms/£)qi mn 

m>ln>l sgZ*/{±l} 

EE*™(")9 mn 

m>l n>l 

rf-EEw^w en) 
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where 



t m (n) 



n m(n, s)e(e(n)ms /£) 

s&L t 

n Tn(n, s)e(e(n)ms / £) 



2n ^2 m (0, s) cos(ms/£) 
sez|/{±i} 



(n,p) = 1 
p\n, £\n 
£\n. 



On the other hand, u(t) has a modular product expansion of the form given 
in (fT]). We compute 



io g (n(wr w ) = EE 

V n>l ' n>\m>\ 



c(n)/m qf 



so that 



u 



/?-EE nc W 

n>l m>l 



Comparing (fTT|) and (fT2j) . we find a£ = (3 and 



E*d(n/d) = E dc ( d )- 



By Mobius inversion, we find 



n 



n 1 — ' ' ' ' 1 — ' \dk 

d\n fc|§ 



(12) 



This proves Theorem [TJ 

To prove Theorem [2j suppose first u(t) = <P(t/£) is a modular unit of 
level £ = pf , p prime, p / 2,3, / G N. Then by Theorem [H the modular 
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exponents c(n) are of the form given in ([3]). Thus, 

|c(n)| < ~EE |*n/*(*) 
din fe|4 

= E £ |*n/cft(*) 
(k,p)=l 

+ E X] W 

<Z|n fc|§ 
p|fc, 

+ EE V*^) 
d\n 

£[Jfc 



<E E &EMMI 

<f|n fc|g seZ^ 
(fc,p)=l 

E fc E kmi 

p|fc, 

+ EE 2A: E ' m ( u ' s )i 

<£M U J] E ^ + 0W-M«E E k + <f>(£)M u /2Y,Y, 2k 

d\n fc|§ d|n fc|§ d\n fc|g 

(fc,p)=l p|fc, ^ l \ k 

where M. u = max{|ra a |}, so that 

aeT* 

\c(n)\ < £M u J2J2 k 

d\n k\f t 
d\n 

< £M u J^2dloglogd 

d\n 

< 2£M U log log n • o\ (n) 

< 4£M»(loglogn) 2 

hence c(n) <C U (log log n) 2 . Conversely, suppose &(t/£) is a weight mod- 
ular form of level £ = p*, £ prime, £ ^ 2,3, / E N, with exponents c(n) 
satisfying c(n) <C« (log log n) 2 . Then for all r 6 by ([12]) we see that 
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@£(<P(t/£)) converges, hence has no zeros or poles in 7i. 
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